We indicate a broad class of closed ideals F in a Banach lattice E such that there exists a closed continuous (and also a closed heterogeneous) Riesz subspace G ⊂ E satisfying the following two conditions: G ∩ F = {0} and the algebraic sum G + F is not closed.
Introduction
It is well known that in every Banach space X the algebraic sum A + B of a closed set A and a compact set B is closed. The assumption of compactness is essential because X = {0} always contains closed subsets whose the algebraic sum is not closed (such sets can be chosen in an arbitrary one dimensional subspace). Similar situation holds for closed linear subspaces.
(
) If Y ⊂ X is a closed linear subspace of infinite dimension and infinite codimension, then there exists a closed linear subspace G ⊂ X such that Y ∩ G = {0}
and Y + G = Y + G. The fact mentioned above was proved in [11] (Theorem III-14). On the other hand Y + G is always closed whenever Y is closed and G is of finite dimension or G is closed and finite codimensional. The question about closedness of Y + G was investigated not only in the class of Banach spaces but also in more general case of Hausdorff topological vector spaces (see [4] and especially [5] where a discussion of this question and related topics are completed by many historical comments and remarks).
Our paper is also devoted to the problem of closedness of the sum Y + G but we restrict considerations to Banach lattices. Our terminology and notations concerning this type of spaces (and Riesz spaces) are standard and we follow by [1, 2, 10, 12] . It is natural to ask about closedness of F + G for Riesz subspaces or ideals F, G. We should remember that the algebraic sum of two Riesz subspaces sometimes is not a Riesz subspace even if components are one dimensional. Indeed, let E be a Riesz subspace in R containing two nonnegative functions f, g such that f (γ 1 ) > g(γ 1 ), f (γ 2 ) < g(γ 2 ), f (γ 3 ) = g(γ 3 ) = 0 for some γ i ∈ , i = 1, 2, 3. Clearly R f , Rg are Riesz subspaces in E while R f + Rg is not a Riesz subspace because linear independence of f, g, f ∧ g = inf{ f, g} implies f ∧ g / ∈ R f + Rg. On the other hand F + G is a Riesz subspace whenever F and G are orthogonal Riesz subspaces (i.e., | f | ∧ |g| = 0 for all f ∈ F and all g ∈ G) or at least one Riesz subspace F, G is an ideal. It is important and interesting that if F 1 , F 2 are closed orthogonal Riesz subspaces or they are closed ideals in a Banach lattice then F 1 + F 2 is closed (see [3] 
4).
Let E be an F-lattice, and let (I γ ) γ ∈ be a family of closed ideals in E. Define I = γ ∈ I γ to be the set of all elements z ∈ E that are of the form z = ∞ n=1 x n , where x n ∈ I γ n for every n, and (γ n ) is a sequence in . Then I is the smallest closed closed ideal in E that contains all the ideals I γ .
It is worth to recall that the assumption of a (topological) completeness is crucial (indeed, the authors of [16] constructed a normed lattice E and a closed ideal I ⊂ E whose algebraic sum with its orthogonal completion I d is not closed). It occurs that a situation described in ( ) is similar for closed ideals and Riesz subspaces in Banach lattices. Namely the following result was proved in [17, Theorem 2.2] .
Let I be a closed infinite dimensional and infinite codimensional ideal in a Banach lattice E = (E, · ). Then there exists a closed separable discrete and σ -Dedekind complete Riesz subspace G such that I ∩ G = {0} and I + G is not closed.
An aim of our paper is to complete the above theorem. We will show that for many closed ideals F there exist closed continuous (and closed heterogeneous) Riesz subspaces whose sums with F are not closed.
Auxiliary results
Let us recall that a series ∞ n=1 x n order converges to x, i.e., x = (o) ∞ n=1 x n , whenever there exists a sequence (y n ) ⊂ E decreasing to zero such that |x − n k=1 x k | y n for every n. If elements x n , n ∈ N, are positive and disjoint, then order convergence of the series ∞ n=1 x n is equivalent to existence of sup n x n and there holds
(o)
∞ n=1 x n = sup n x n . Consequently considering a σ -Dedekind complete Riesz space E and an order bounded sequence (x n ) ⊂ E + of disjoint elements we obtain (o)
We will say that a sequence (x n ) ⊂ E is uniformly convergent to x, i.e., x n u − → x, if
It is well known that every sequence (x n ) norm convergent in a Banach lattice contains a subsequence uniformly convergent to lim n→∞ x n .
Discrete elements will be important in our further considerations. A nonzero positive element e in an Archimedean Riesz space is discrete if |x| e implies x = te for some t ∈ R. It is clear that two discrete elements are disjoint (=orthogonal) or they are linearly dependent. Discreteness of e means exactly that the interval [0, e] does not contain two nonzero disjoint elements (see [10] Theorem 26.4). Every standard basis vector is discrete in every Riesz subspace of R N containing it. Moreover E is said to be discrete if every x ∈ E + {0} dominates a discrete element. The above definition has the following equivalent form: E has a complete disjoint system (e γ ) γ ∈ consisting of discrete elements, i.e., |x| ∧ e γ = 0 for every γ implies x = 0. Since every discrete element is a projection element then every positive x in a discrete Riesz space E has the following expression x = sup γ x(γ )e γ where the numbers x(γ ) are uniquely determined (see [1] p. 40).
On the other hand a Riesz space E is called continuous if E does not contain discrete elements. Therefore every nonzero positive element in a continuous Riesz space dominates a sequence whose terms are nonzero positive and pairwise disjoint (in particular nonzero ideals in E are infinite dimensional). We have also the third type of a space-a Riesz space is said to be heterogeneous if it is neither discrete nor continuous. There exist many natural representatives of each class mentioned above. 
Let us note that every two maximal (with respect to the inclusion as a partial order) families of discrete disjoint elements in an Archimedean Riesz space E have the same cardinality (more precisely, if (e γ ) γ ∈ 1 , (e γ ) γ ∈ 2 are maximal families of disjoint discrete elements, then for every γ 1 ∈ 1 there exists, uniquely determined, γ 2 ∈ 2 and t γ 1 > 0 such that e γ 2 = t γ 1 e γ 1 ). A heterogeneous Riesz space E contains the discrete part E D and the continuous part E C . These parts are defined as follows: E D = {e γ : γ ∈ } dd where (e γ ) γ ∈ is a maximal family of discrete elements and E C = E D d . Let us note that E C is infinite dimensional. Clearly E D is discrete and E C is continuous. Moreover, if F is a closed heterogeneous Riesz subspace in a Banach lattice E, then F C , F D are closed in E because they being bands in F are closed in F. Every Dedekind complete heterogeneous Riesz space is the sum of E D and E C but in general the equality E = E D + E C does not hold. Indeed, consider the compact space
Infinite dimensional Banach lattices always contain infinite dimensional closed discrete Riesz subspaces-it is enough to choose a sequence (x n ) of nonzero positive disjoint elements and put F = span{x n : n ∈ N}. What about continuous Riesz subspaces? A partial answer is included in a lemma below. Proof Choose a sequence (x n ) ⊂ E + consisting of pairwise disjoint non zero elements satisfying
It is sufficient to put
If E is σ -Dedekind complete and without order continuous norm, then we can find disjoint elements (x n ) dominated by some x ∈ E + and separated from zero. Consider an operator T :
(the sum exists by the σ -Dedekind completeness). The operator T is an order isomorphism which is additionally a homeomorphism because inf n x n f ∞ T f x f ∞ .
We have to explain that last statement of Lemma 2.1 is well known (see [15] Theorem 1.5).
As we see sometimes the closure of a continuous Riesz subspace is discrete. Similarly the closure does not preserve discreteness-this statement is an immediate consequence of the following result (see [15] Theorem 6.4 or [14] Theorem 4).
Theorem 2.2 For a discrete σ -Dedekind complete Banach lattice E the following are equivalent. (a) Every closed Riesz subspace of E is discrete. (b) The closure of every discrete Riesz subspace of E is discrete. (c) The norm on E is order continuous.
Therefore it may happen that the closure of a discrete Riesz subspace is heterogeneous (the closure can not be continuous because discrete elements in F are also discrete in F).
If E = (E, · ) is a Banach lattice then we can associate with E the ideal of elements possessing order continuous norm
The ideal E A is always closed, all discrete elements in E belong to E A , and E A contains all ideals I ⊂ E with the property that the norm · restricted to I is order continuous.
The equality E A = {0} is possible-consider a space C(K ) where no point of K is isolated. On the other hand E A can be order dense. Indeed E A = span{e γ : γ ∈ } whenever (e γ ) γ ∈ is a complete disjoint system consisting of discrete elements in E. Our succeeding lemma shows that closed continuous Riesz subspaces in a discrete Banach lattice are almost disjoint with E A .
Lemma 2.3 Let E be a discrete Banach lattice. If F ⊂ E is a closed continuous
Proof It is sufficient to consider the case when F is continuous because F C is a closed continuous Riesz subspace for a closed heterogeneous subspace F.
Corollary 2.4 If E is a discrete Banach lattice such that dim E/E A < ∞, then every closed Riesz subspace in E is discrete.
Proof Let F ⊂ E be a closed infinite dimensional Riesz subspace and let Q : E → E/E A be the canonical quotient map. If 
Corollary 2.5 For an arbitrary set every closed Riesz subspace in the Banach lattice c( ) is discrete.
The proofs of our main results use a procedure which allows to join some Riesz subspaces. The procedure is described in next lemma where we will use the notation X ⊥ Y that means the orthogonality (= disjointness) of sets X, Y , i.e., |x| ∧ |y| = 0 for every x ∈ X and y ∈ Y .
Lemma 2.6 Let E be a Banach lattice and suppose that F k ⊂ E, k ∈ N, are closed Riesz subspaces satisfying the condition F m ⊥ F j for distinct m, j. Then the order sum of F k 's, i.e., the space F = (o)(⊕F
Proof It is easy to check that F is a Riesz subspace. Suppose
is a Cauchy sequence for every k. If x(k) = lim n→∞ x n (k), then x(k) ∈ F k . Let P j the band projection mapping the Dedekind completion E δ of E onto the band in E δ generated by F j . Since E is norm complete then for every j we can find a subsequence (n m ) such that x n m u − → x and x n m ( j) u − → x( j). Therefore x n m ( j) = P j x n m u − → P j x, and so x( j) = P j x x. Suppose that y ∈ E is such that x( j) y for all j ∈ N. There holds
|x n − x| + y and finally x y. We have just proved
We will also need a condition implying that the algebraic sum H + F of closed subspaces H, F is not closed. Such condition was formulated, not in an explicit form, in [13] (Section 6). Since it is used twice in proofs of our main results, and for the sake of completeness, we recall the condition.
Lemma 2.7 Let H, F be closed linear subspaces in a Banach space X . If H ∩ F = {0}
and there exist sequences (x n ) ⊂ X, (y n ) ⊂ F such that x n → 0, inf n y n > 0 and x n + y n ∈ H , then H + F is not closed.
Proof
The closedness of H and F implies that the natural projection P : H + F → F has the closed graph. Therefore if H + F were closed, then P would be continuous by the closed graph theorem, but (x n + y n ) − y n → 0 while P((x n + y n ) − y n ) = Py n 0, a contradiction.
Moreover we will apply the following result showed in [17] (p. 437, the proof of Lemma 2.1).
Lemma 2.8 Let I be a closed ideal in a Banach lattice E. If Q : E → E/I is the canonical quotient map and a sequence (Q(y n )) ∞
n=1 consists of nonzero positive disjoint elements, then there exist disjoint elements x n ∈ E + I , n = 1, 2, . . . , such that Q(x n ) = Q(y n ) for each n.
Main results
Theorems presented in this section concern two types of (closed) ideals F-either the quotient norm in E/F is not order continuous or F is contained in a Banach lattice with order continuous norm. Theorem 2.2 shows a class of Banach lattices where closed continuous and closed heterogeneous Riesz subspaces do not exist. Therefore if we want to prove that for a closed ideal F ⊂ E there is a closed (heterogeneous) Riesz subspace G in E with F + G = F + G we have to assume something about E or F.
Theorem 3.1 Let E be a σ -Dedekind complete Banach lattice and let F ⊂ E be a closed infinite dimensional ideal such that the quotient norm on E/F is not order continuous. There exists a closed continuous Riesz subspace G 1 ⊂ E and a closed heterogeneous Riesz subspace G 2 ⊂ E such that F ∩ G i = {0} and F + G i is not closed for i = 1, 2.

Remark 3.2
If E is a σ -Dedekind complete Banach lattice and E = E A , then the quotient norm on E/E A is not order continuous (see [16] Theorem 3.3) , and so Theorem 3.1 can be applied for F = E A whenever dim E A = ∞.
Proof
The quotient E/F contains a separated from zero sequence (Q(y n )) of pairwise disjoint elements included in some interval [0, Q(y)] where Q : E → E/F is the canonical quotient map (see [2] Theorem 4.14 or [12] Theorem 2.4.2). Applying Lemma 2.8 we find pairwise disjoint x n ∈ E + F such that Q(x n ) = Q(y n ). Therefore the elements x n = x n ∧ |y| are pairwise disjoint, order bounded and separated from zero because 0
The family {N i : i = 1, 2, 3} forms a partition of N. Hence at least one set N j is infinite. Since F + F d is order dense in E (see [1] Theorem 1.25), then for the ideal J (x n ) in E generated by {x n } we obtain J (x n ) ∩ F + = {0} for n ∈ N 1 ∪ N 3 . Fix j ∈ {1, 2, 3} such that N j is infinite and choose norm one elements h n with n ∈ N j satisfying:
Consider an operator T :
where (q n ) is a sequence of all rational numbers in [0, 1]. The operator T i is well defined by the σ -Dedekind completeness of E and it is an order isomorphism being at the same time a homeomorphism because
where
is also a continuous closed Riesz subspace and ) have properties assumed in Lemma 2.7, i.e., G + F is not closed.
Define
, . . . }. Clearly G 1 is a closed discrete Riesz subspace and G 1 ∩ F = {0}. Indeed, every x ∈ G 1 {0} is of the form x = ∞ i=2 t i x n 1 i and at least one t i is nonzero. For t i = 0 we obtain |x| |t i |x n 1 i / ∈ F, and so x / ∈ F because
The space G is a closed heterogeneous Riesz subspace possessing the required properties:
The proof of the previous result started with an observation that there exists a sequence separated from zero which terms are pairwise disjoint order bounded and lying outside F. Such sequence allowed us to construct an order and topological copies of the continuous Banach lattice C[0, 1]. The same idea can not be repeated when E has order continuous norm because the order continuity of a norm means exactly that order bounded sequences of disjoint elements are norm null (see [15] 
Since simple functions are order dense in L 1 (μ) we can choose disjoint sets A, C ∈ with a positive measure which characteristic functions 1 A , 1 C belong to F d (= the orthogonal complement of F in E) and F respectively. By the non-atomicity of μ we find sets A k n , C k n ∈ , n ∈ N, k ∈ {1, 2, . . . , 2 n } having the following properties:
Choose s, t > 0 and put
, where 1 B is the characteristic function of the set B.
The space G is a continuous Riesz space because every g ∈ G is of the form
We claim G ∩ F = {0} and G is continuous. The L 1 -norm · 1 restricted to E is weaker than the original norm of E (see [2] Theorem 4.3) , and so G ⊂ G 1 ∩ E where
Since g is of the form ( * ) we can express the above inequalities in the following way
Elementary calculations show that
Every set B ∈ determines a positive (and so continuous) operator
Since for every function g ∈ G there holds T A∪C g = g and (T A j n
Fix a positive non zero function h ∈ G. There exists n ∈ N such that the cardinality of the set Remembering that simple functions are order dense in L 1 (μ), E is an ideal in L 1 (μ), dim F d = ∞, dim F = ∞, we are able to find disjoint sets A n and disjoint sets C n , n ∈ N, and positive numbers t n , s n with the following properties 1 A n ∈ F d {0}, 1 C n ∈ F, t n 1 A n → 0, s n 1 C n = 1. It is clear that μ(A m ∩ C j ) = 0 for all m, j. Let G n be a Riesz subspace determined by sets A n , C n and numbers t n , s n in the same way as the Riesz subspace G considered above (see (+)). Put H = (o)(⊕G n ). The Riesz subspace H is continuous, closed, and H ∩ F = {0}. It is obvious that t n 1 A n + s n 1 C n ∈ H . Hence sequences (t n 1 A n ), (s n 1 C n ) have properties assumed in Lemma 2.7, i.e., H + F is not closed.
Modifying the Riesz subspace G 1 we can easy construct a heterogeneous closed Riesz subspace satisfying the required conditions. Since μ is atomless we are able to find disjoint sets B k ⊂ A 1 , k ∈ N, with positive measure. Let G 1 = span{1 B k : k ∈ N} and G n = G n for n > 1. The Riesz subspace H = (o)(⊕G n ) is closed and heterogeneous. Moreover H ∩ F = {0} and H + F = H + F.
Suppose now that E has no weak units. Choose 0 < x ∈ F and 0 < y ∈ F d . Denote by P the band projection onto {x + y} dd . The inclusion {x} dd ⊂ P F and the equality {y} dd ∩ P F = {0} show the band P F is a non trivial band in P E where x + y is a weak unit. By the first part of our proof there exists a continuous (heterogeneous) closed Riesz subspace H ⊂ P E such that H ∩ P F = {0} and H + P F = H + P F. Let us note that if x ∈ H ∩ F, then x ∈ H ⊂ P E, and so x = Px ∈ P H ∩ P F = H ∩ P F = {0}.
Choose a sequence (h n + P f n ) ⊂ H + P F convergent to x / ∈ H + P F. If H + F were closed, then it would be x = h + f ∈ H + F but h n + P f n = P(h n + P f n ) → Px = h + P f , i.e., x = h + P f ∈ H + P F, a contradiction.
